6.1, Definitions and elementary properties,

A number a is said to be positive, if a be greater tha

written asa > 0. 1 2er0, an
A number a is said to be negative, if a be less thar, ,

written as a <0. ®10, and s
The square of a real number is positive.

Fgr any t\.vd real numbers a and b, either a=b, ora> p,
The first one is equality and the last two are inequalities. S

Hence a # b implies that eithera>b ora<b.

Thus there are two types of jnequalities, ‘less than (<)’ type ang
‘greater than (> )’ type. |

A quantity a is said to be greater than another quantity b, if

(a-b)be positive, and is written asa>b . Thus (-2) is greater than
(-3),since(-2)-(-3)=-2+3=1 which is positive. a> b implies

that b < a.
A quantity a is said to be less than another quantity b, if (a-b)
be negative, and is writtenasa<b. a< b implies that b>a.
The symbol ‘<’vmeans ‘either less than or equal to’ and the
symbol ‘ 2’ means ‘either greater than or equal to ".
a $ b implies thata<banda ¢ bimplies thata > b.
For the real and positive quantities g, b, c, the following PTOPerties
follow directly :
(@) fa>b,then (i) a+c>b+c,
© (i) a-c>b-g,
(ifi) ac>bc,
.. a_ b
(iw) >
(v) —ac<-bc,
(vi) a*>b",
(vil) a ‘<b™

-

and, in particular, (viii) -a<-band -:; < 'll; ;
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— .
({a>b>c, thatis, ifa>bandb>c,thena>ec.
(0 a>b,c>d, e>f, ..., then

g+ctet- dbh+d+f4 ..

an(d) I both sides of an inequality be

b ‘ aame ey g i ;‘lllled th ns of
a ’ / at

In this chapter, unless otherwise st

ated, the numbers ‘u
assumed to be real and n is assumed to gk

be a positive integer greater

62. Illustrative Examples,

Ex.1. If a, b, ¢ beany three real numbers, then show
() a*+b*+c*2ab+bc+ca.
(") b2+c2+cl+a2+a2+b22
brc ¥ cva tavb 29tb+c.  [B.H.1987,1997)
In the second case, the three numbers are positive.
() Here n’+b’+c’—(ab+bc+ca)
=%{(a-b)’+(b-—c)’+(c—a)’}20.
Therefore a? +b2+c22ab+ be+ g .

, bi+c? cl+a? glyp?
() Here brc T cra T agp —(a+b+c)

=(bz+‘cz_b+c +(c’+a’_c+ﬂ]+[a’+b2 a+b)

that

b+c 2 c+a 2 a+b 2

=b-0)? (c=a)? (a-b)? .
2(b+c)  2(c+a) T 2(asb)20 since 4, b, c are

positive,
Therefore Qf+c2_'_c2+a".+¢12+b2
b+c c+a a+b

a?yz+blzx+clxy<0 [C.H.1977; V. H. 1988 ]
J (x#20,y20,2#0).
“®) If a,b, x, y beall positive, then show that

(@+b)xy ax+by [ C. H. 1980,1982 ]
ay+bx ~ a+b

2a+b+c.
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=0, it may be assumed that x and y are POSitiy, &

x+y+t
neggv:s’musg=—(1+yz)' i
Nowazyz+bzzr+c 'ry_z
=(a2y+b21)7-+¢ xy 2
——(aly+bix)(x+y)*c xyz
=—xyl(a+b)2"cz}’“(ay_bx) <0,
since [(a+b)2—&2]is positive,asa+b>c.
+b ax + by
() Here (‘;“zfy- A
(a+b)*xy—(ax+by)(ay+bx)
= (a+b?(ay+bx)
BT :l;()'t ;yy_zsz) <0, sincea, b, x, y are all positive .

Therefore (a+b)xysqx+bl/_
ay + bx a+b

}('3. Ifeach of a, b, c, d be greater than 1, then show that
— 8(abcd+1)>(a+1)(b+1)(c+1)(d+1). [T. H. 2008]
We have 2(ab+1)—(a+l)(b+1)
=agb-a-b+1
=(a-1)(b-1)>0,sincea>1 and b>1.
Therefore(a+1)(b+1)<2(-ab+1).
Similarly, (c+1)(d+1)<2(cd+1),

Therefore(a+1)(b+l')(c+1)(d+1) <4(ab+1)(cd+1)
<42(ab.cd+1)

{

Let w,=1.35 2 [B.H. 1969, C. H. 1979]
2 46 2n
1
4 5 6 71 ...... P i 2"
2" <2\\.
Combining them, 135 &':\1 S
2 4 6 57} ...... .\22__..
or, I
35 gt 2n+1
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35 2n -1
2 Uy <|m == =21 2 4 6
fore Ha " =¥n - Hn (2 4 6 }[~-~.-..,..._ZL
<2n+1
1
o, ¥ <Pn+1” (1)
1 35 2n —
AlSO (2ﬂ+1)u"=5-z.g...... P _(2n+1)
327  2n+1
"2 4 6 2n
3 4 §>§ Z>§ 2n+1 2m+2
Now 523 3”576 77" 2n ° 2n+1
bl 337 2n+1 4 68 242
Combining €My 5" 4 6 ™™ “on 73°5°7 " auu1
4 6 8 2n+2
or,’ (2n+1)u,,>3-5 7 on a1
Therefore (2n+1)Y ta?=(2n+1)u,.(2n+1)u,
S(3.2.7 2n+1)4 68 2n+2
2 4 6 2n 357 2n+1
+1
or, (2n+1)u>Vn+1
Vn+1 Yn+1
or, Un> >
2n+1 2n+2
1 V)
or, u,,>2 n+1.

The result follows from (1) and (2) .

1.L3L51.... 2n—-1)! > (nt)". ‘
\/Bfg Prove that 1 ( (. H. 1980, 1981

If n>r,then we have 2n —r>n( rbeing a positive integer ).
Then n1=1.2.3. . r(r+1)(r+2) . (n-1)n
=ri(r+1)(r+2)... (n-1)n
and (2n-r)1=1.2.3....n(n+1)(n+2) .. (2n-T)
=n! (n+1)(n+2).... (2n-r).
{ ) 1)(n+2) e (20=T)
Thel-efore L!_ 2n—r !_(n+ )( >

n! nt! ‘ (r+1)(r+2)...n

r'(2n-r)!>(n')

Hence
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If r>n, thenwe have 2n-r< .
Then r!=1.2.3.--....n(n+1)(n+2)__ -
=n!l(n+l)(n+2). . r

and n!:1.2.3‘---c-‘(zn_r)(zn—r*']) ...... n
=(2n-r)(2n-r+1)___ n
r! @un-r)!_ (n+D(n+2). .,

Therefore R Qﬂ-r+l)(m>
Hence, in this case also, r ' (Zn—r) !> (n! 2 o
Putting 1, 3, 5,.... , (2n - 1) successively for r.we get

11(2n=1)!>(n'),

31(2n=-3)!'>(n!),

51(2n=5)!>(n!)y,

(2n=-1)'11>(n! ).
Multiplying together, we get
113157 (2n-1)!1PF>(n!)?
Taking the positive square root of both sides , we obtain the result

Ex. 6. Find the minimum value of @+ ?_P(: tx)

Let c+x=y.

Then ga+x)(b+z)___ (@-c+y)(b-c+vy)
c+x y

=y+(a-c)+(b-c)+ (a-C;(b—c)
Na—c)(b-0)| 1
=% o +{Na—c +Vb-cl
y

imum when "r;_‘\/(a—c)(b-c)=0
y

y=vV(a-c)(b-c)
"-|1'=‘/(a—c)(b—c)—c

value of the given expression is

(Va-c +Vb-c)?.
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Examples VI (4)

fab e be any real numbers, then show that

' (1) (b"'c"’)2+(C"'“_b)2+(0+b—c)22bc+ca+ab

i) prei+ciai+atbiabc (a+b+c)y, '
) If 4 b, c,be any three positive real numbers, then Prove that
' b+c c+a a+b shdle 1o

(i) m+cz+az+az+bz—;+g+;- [K.-H.1979)
be & ab. .,
() jrc Tcta Ta+p S2(AFbEC).
.1.1,1, 1 1. 1
(iff) ;+b+c¢\!bc+\/ca+\/ab'
3. Show that

(0 a*+bi>a*b+ab’

(i) x*+y°$x y+xy”

(i) 2(a°+b%)>(a’+b%) (a'+bY).

(iv) (a?+b?+1)(c*+d*+1)¢(ac+bd+1 ).

(v) a*+b’+c’+d’>ab+bc+cd+da. [ B. H. 2002 )

(vi) a:+b2+Cl’+dzzA}(ab-&-ac+ad+bc+bd+cd).[B.H.2005]
4. If a,b,x be positive, then

a+x _a .
(1) show that Bis >-b,1f a<b;
(i) find under what condition 2% <2
b+x b

19)]

. Under what circumstances x3+25x < 8x?+267

2 2
a-x a‘-—x°* . :
. Show that <— -, fa>x>0.
a+x a‘+x

an

~J

- lfa>0 and x>y, then show that a*+a *>a¥+a™*."

. IfJf>_l,/>z, then show that

a0

X‘y+ylzazixsxyt+yzt+zx!

9. P"OVEthat(a2+b2+c2)(x2 +y2+zz)2(ax+by+cz)2
n fNhce ded ¢ 121 b24+c2=1 and
educe that ax+by+cz<1, if a*+
x?+y?+z=1.

10. : w
that If the four positive numbers a, b, c,d be in H.P., then sho
td>py ¢,



6.3. Theorem on A.M., G.M. and H.M.
The arithmetic mean (A.M.) of the # positive numbers
a,,a,,4a,,....,4,
A1+a2+as3+ - +a,
n

Their geometric mean ( G. M. ) is

is A=

G= Wa 142413 ...... an
and their harmonic mean (HM.)is

n

H=
1 1 1 1
— ... it
ul a2 613 a

The relation among A, Gand His A> G > H, the sign of equality 0cci” 5
vhen all the numbers

are equal.
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] ”:H
Nﬁu”""m
/ . values ofa,and a,, it follows that
Josltive N
porF (V- da )" 20
a vy =2Naya, =0
”r’ ';-(a""”))f.\l”-'”’
or 4
” | "‘ a 7
a, a4 -4 (' 2 J ‘
or,
' s whena j=a,,
of cquahly occur
The sign 2
itive valuesof a,and a,, a,a S| —-—|.
gimilarly, for positive values of ayand a,, a4, ( 5 J

i =0y,
The sign of equality occurs whena,=a 4 2

2 i
a,+a, | (a,+a,
mercforea,aza,a4s 7 ;

2
a1+a2 a3+ﬂ4
‘ 5[ 2 T 2 ]

2,2

a,+a, a,+a,
2 2

<

4
a,+a, +a,+a,
< 2 ,

t}\esigrlofequalityoccurs whena ,=a,=a,=a,.

Proceeding in this way, it may be obtained that

B
al+a2+a3+a4+a5+a6+a7+a5
a|ﬂ1ﬂ3ﬂ4a5a6a7aas —fr "

8
the sign of equality occurs whena ,=a,=a,=- =a;.

~ Thus, if n be a power of 2, that is, if n=2™, m being a positive
Integer, then we get

1)

the . §
'lgnofeqlliﬂlty occurs whena =g, =a3=-=a,.

- a . q
182 positive mtel;::fer of 2, then let (n + p ) be a power of 2, where p

n
a,+a+ay+---+a ,..)

MHA g



. AL |
— ) ‘—nn\\\\\\.;
der the (n+P) posmve numbers 4 g j

consl n
dNowumbers each equal to a, where
andpn
a1+az+a3+ ------ +4a,
TR =
e n
From (1), it follows that
P((a,+az+a3+ ...... $a,+pa)"
8785 0n8 _\ _ yr
( n+p
pa
£ et , from (2)
\n+p
San+p
<a"

B n

n
A, +8,+05+ +a,,J
< ’
the sign of equality occurs whena ,=a,=a;="--=a,.

R]+ﬂ2+d3+---"-+ﬂn !\IJ—

Therefore

pr, A2 G, the sign of equality occurs when all numbers are equal.
To prove G<H, consider the positive numbers

111"“1

— — ——
Sl |

al’azla:i’ ’an
Their AM. > their G.M.







or, n
or, 8 4@y FEsF +a,2n %,
ﬂ‘esignofequa]ityoccurSWhenﬂ;=az=a3=....,_=a~.
Therefore the minimum value of (“1+“z+a3+ ......
umbers are all *a,);
» Yk and it occurs when then equal. ‘
(b) If the sum of n positive numbers be constant, then ’hff'pradud.
maximum when the wumbers are all equal. i
Let al’az’aa’ ,,,,,, 1 benpositivenumbers,suchﬂ\at
al+a2+aj+”"“+aﬂ=con5tant=k (Say).
From the relation GM. £ AM,, we get
; Y PL T
Ya,42 83 — @n < o Bhud _a; b
k n
or, A, 85 @3 wooeee a, S(;),
thesignofequalityoccurswhma,=a2=a3=---~-=a,,.
Therefore the maximum value of 2,443 ... a, 15(%) and it

occurs when the numbers are all equal .

 6.5. Theorem of weighted means.
If TR e LA, and X,,X5,X3, e ,x, be two sef
n positive numbers, those of the second set being rational, then

(a

lxl+a2x2+a3x3+ ------ +anxu]xl+12+x3+..,...+x'

5 xn x e
Zal -a'z .ﬂ3 """ a"’
gn of equality occurs whena ,=a,=a;=-=@an»
1 t":r"s: ------ , X, are positive rational numbers there
e Intege e ’ ’
egersx, ,x; ,x,,....,x,, g suchthat
Xy X, , '
et 2 X3 X
xl ’ xz—_1x3= ’ txn-=—-—
g g g g
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ADVANCED Higy,,
R

Therefore%(bc+ca+ab)>%c.oa.ab ALOEB;,‘q

p

bc+m+ab>3(abc)3.
positive quantities g4} ' ;.‘ ”

or,.
Aga

Their AM. > their G.M.
) > Na4btct

Therefore 3 (4 44 pt+ct
i
ad+bht+c 453 (abc)’
(2), we get the result.
Ex.2. @) If a b, c be positive, then prove that
2 2 2 9

B W it » >
b+c c¢c+4a a+b a+b+c’

in let us consider the three

or,

Multiplying (1) and

nlessa=b=¢-

(b) Ifa,, 829 a, bedistinct positive numbers and

s=a,+a,+a3+ 8 then show that

__-S——+_—5——+ g Bl [C
s—a, S—& s—a; S04 3’ - H. 1580]

er the three positive quantities
2 2 2

P—

b+c’ c+a’ a+b’

(a) Letus consid

Their AAM 2 their H-M.

Therefore 'b+c cte ath 2> 3
3 b+c cta a+b
BEY et
2 2 .

___2____ 2 .2
g b+c+c+a+a+b2a+b+c'
o p )

sxgnofequalxtyoccm'swhen m=m=a+b'
, when b+c=c+a=a+b,thatis,when a=b=C-
AT R A
b+c c+a a+b a+b+c
2 2 B,

. 2
inwhichcase T -+7.4 e -
b+c+c+a+a+b a+b+e¢







ADVANCED HIGHER 4,

GER
V/’_-N

"_‘a_benpositmenumbersandam :
B.SO ”’“"z,ajl"' ” ‘\}

'mwwa' R
e _u*ﬂ2+33+" "’a--ﬂ’ 3
Let us consider the set

ﬂ)+nz+a,\+ +a.‘;
a,a._;,a.,where == o
with weights (n-2),1,1 respectively.
Applying A.M. 2 G. M., we get
(n-2)a+a,.1+a, 5 Wpnt
n-2)+1+1

@i+az+a3+-+a G o
or' 1. 2 "l lz a. 2' slnm ana”_’:]

ﬂ,,]ﬂ"

n-2

r ar1+a4+a3+ - +a, o @1+a,+a3+ o s
' |
v(/ g

n
Ex. 6. Ifa,,a,,a, a, be n positi '
. 182,84,.....,4, tfrve rational numbers whose
sumis s, then show that i :

) a (s -
wpat —_— 3 _5_ o | 8
(al ] [a’ 1) (a3—1) """ [ai-l) ‘S(n-1y.

[C.H. 199]







